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Abstract: This paper presents a bi level large scale multi objective quadratic
programming problem (BLLSMOQPP) with fuzzy parameters in the objective
functions problem. In the first phase convert the fuzzy parameters of the
problem to equivalent crisp problem to make it easy in solving. In the second
phase use Taylor series to convert the quadratic problem to linear problem to
be easy for solving with the decomposition algorithm that deals with large
scale constraint. In addition, a numerical example is provided to demonstrate
the correctness of the proposed sol ution.
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1. Introduction

Bi-level programming (BLP) problem has a subseth#ir variables constrained to be an optimal
solution of another problem parameterized by thweaiaing variables. They have been applied to
decentralize planning problems involving a decigioocess with a hierarchical structure. The basic
connect of the BLP technique is that a first ledletision maker (FLDM) sets his goals and/or
decisions and then asks each subordinate levehefotganization for their optima which are

calculated in isolation; the second level decisinaker (SLDM) decision is then submitted and
modified by the FLDM with consideration of the oaktbenefit for the organization; and the process
continued until an optimal solution is reached [15]

There are many familiar structures for large scgdgmization problems such as: the block angular
structure, angular and dual- angular structurehéocdonstraints, and several kinds of decomposition
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methods for linear and nonlinear programming pnwislevith those structures have been proposed in
[1,2,3,4,5,6].

Emam presented a bi-level integer non-linear prognang problem with linear or non-linear

constraints [11] and proposed an interactive amrda solve a bi-level integer multi-objective

fractional programming problem in [10]. Baky [7}tioduced two new algorithms to solve multi-level
multi-objective linear programming problems throuie fuzzy goal programming approach. The
membership functions for the defined fuzzy goalsatif objective functions at all levels were

developed. Then the fuzzy goal programming appreead used to obtain the satisfactory solution
for all decision makers.

Abo-Sinna and Abou-El-Enien [5] extend TOPSIS foivielg interactive large scale multiple
Objective programming problems involving fuzzy pasders. These fuzzy parameters are
characterized as fuzzy numbers. For such probldghes,a-Pareto optimality is introduced by
extending the ordinary Pareto optimality on theidbad the a-Level sets of fuzzy numbers. An
interactive fuzzy decision making algorithm for gestinga-Pareto optimal solution through TOPSIS
approach is provided where the decision maker (3Msked to specify the degreand the relative
importance of objectives.

Osman [13] presented a method for solving a spetask of large scale fuzzy multi-objective integer
problems depending on the decomposition algorithm

This paper is organized as follows: Section 2 prssa problem formulation and solution of a bi-
level multi-objective large scale quadratic progmaing problem with fuzzy parameters in the
objective functions. Section 3 converts the fuzaynber in the objective functions into deterministic
functions. Section 4 presents a Taylor series ambrdfor bi-level large scale multi-objective
guadratic programming problem (BLLSMOQPP) then @ts/the quadratic objective functions. In
section 5, the decomposition method for large doialevel linear programming problem is presented.
In Section 6, an example is provided to descrileedtveloped results. Finally, Section 7 concludes
the paper states some open points for future refseark in the area of fuzzy bi-level multi-objedi
guadratic programming optimization problems.

2. Problem Formulation and Solution Concept

The bi-level large scale multi-objective quadrgitogramming problem with fuzzy numbers in the
objective functions may be formulated as follows:

[FLDM]
Max F(x,0) = Max [ f,, (.03 )f 10,02 ) f (X, 010, )] &
X1, X 5 X{ X,

Wherex,, X, solves

[SLDM]

Max  Fy(x,0) = Max [ o 0,00 ) 000, T2 )0, Tap )] @
X3,X, X3,X,

Subject to

xOG. (3
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Where

G ={ay,X, taX,*a,x,<b, dx <b, d,x,<b,, d x,<b,, x,..,x,20}

. . . . n
WhereF;andF, are nonlinear functions contain fuzzy numbersraefionR" .

Let X, X, X;,X, be a real vector variables indicating the firstiglen level's choice and the second

decision level's choice. Moreover, the FLDM h&s X, indicating the first decision level choice, the
SLDM havex,, X, indicating the second decision level choice.

In the above problem (1) — (3)x;0R ,(j =12,...,m) be a real vector variables, an n-

dimensional row vector of fuzzy parameters in thbjective functions,Gis the large scale linear
constraint set wherdy = (b,,...,b,,)" is (m+1) vector, anday, ,...,ayy,d,,...,d,, are constants.

Definition 2.1: For any (Xl,xzDGl:{Xl,X2|(X1,.X2,X3,...,Xm)DG})given by FLDM, if the
decision-making variable (x3,x4 UG, ={x3,x4| (xl,.xz,x3,...,xm)DG}) is the optimal solution of
the SLDM, then (x,,.X,,X,,X, ) is a feasible solution of (BLLSMOQPP).

Definition 2.2: If X’ OR™ is a feasible solution of the (BLLSMOQPP); no other feasible solution
x G exists, such that F, (x") < F, (x)so " isthe optimal solution of the (BLLSMOQPP).

3. Ranking Functions

To solve bi-level multi-objective large scale quatdlr programming problem with fuzzy numbers in
the objective functions using linear ranking tecfuai that convert fuzzy number form into equivalent
crisp form by using [14]

Definition 3.1 [13]: If A= (@,b,c,d)0F(R), then alinear ranking function is defined as

O(A)=a+b+=(d-0).

2 (@)
Definition 3.2[13]: Let A(a,b, ¢, dy) and B (a,,b,, C;, dy) is two trapezoidal fuzzy numbers
and X a R. A convenient method for comparing of the fuzzy numbersis by using of ranking functions.

F(R)

A ranking function isa map from into thereal line. So, the orders on F(R) as follows:

1. A =B If and only ifJ(A) = O(B).
A> B If and only if0(A) > O(B).
3. A =B Ifand only if0(A) = O(B).

Where A and B are inF (R).

Then the problem can be understood as the corrdsmpualeterministic bi-level large scale multi-
objective quadratic programming problem in the otye function as following:
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[FLDM]

Max  f,(x) = [, (f 1,90, of (9] (5)
X1:X,

WhereX,, X, solves

[SLDM]

Max f,(x) =[f,,(X.,f ,,(X),.. -leHZ(X)] (6)
X3 X4

Subject to
x0OG. (7)

Where

G ={ay,X, taX,*a,x,<b, dx<b, d,x,<b,, d x,<b,, x,...x, =0}

4. Taylor Series Approach

This problem is bi level large scale multi-objeetiguadratic programming problem (BLLSMOQPP)
and it's difficult to solve this problem using acaenposition algorithms, so we transform the
objective functions by usint®® order Taylor series polynomial in the followingria16].

oF; (x))

dx, '

K OF" () =F )+, (4 = %) (1=12.m),( =12 (8)

Then we use the weighting method to transform tijeative functions in the upper level and lower
level from multi-objective into single objectiveha weight of the first objective is greater thae th
weight of the second objective so the BILSPP cawtiten as:
[FLDM]

Ml% Q. (x) 9)

WhereX,, X, solves

[SLDM]

Max Q, (x) (10)

Subject to
x0G. (11)
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5. Decomposition Algorithm for Bi Level Large Scale Linear Programming
Problem

The bi level large scale linear programming problemsolved by adopting the leader-follower
Stackelberg strategy combine with Dantzig and Welfomposition method [9]. First, the optimal
solution that is acceptable to the FLDM is obtainsthg the decomposition method to break the large
scale problem into n-sub problems that can be dakirectly.

The decomposition technique depends on represehinBLLSLPP in terms of the extreme points of
the setsij X; < bj X; 20, ] =12..,m.To do so, the solution space described by d@xhs bj ,

X; 2 0, j = 12..,mmust be bounded and closed.

After that by inserting the upper level decisiomiable to the lower level for him/her to search tioe
optimal solution using Dantzig and Wolf decompasitimethod [9], then the decomposition method
break the large scale problem into n-sub probldras ¢an be solved directly and obtain the optimal
solution for his/her problem which is the optimalwion to the BILSPP.

Theorem 1: The decomposition algorithm terminates in a finite number of iterations, yielding a
solution of the large scale problem.

To prove theorem 1 above, the reader is referr¢@lto

5.1. TheFirst-Level Decision-M aker (FLDM) Problem

The FLDM problem of the BLLSLPP is as follows:

[FLDM]
Max F,(x)=Max >’ ¢, x, (12)
j=1
Subject to
xG.

To obtain the optimal solution of the first levelppose that the extreme pointslpk; <b;, x; 20

O
are defined asjk, k = 1,2 whereX; defined by:
ki O
Xi =Y ByXk . j=l..m (13)
k=1

ki
,andB,, =0, for all kandz By =1
k=1

Now, the first level problem in terms of the exteepoints to obtain the following master problem of
the first Level are formulated as stated in [9]:

ky O ka O kn O
Makal: C11 X1k ,Blk"'kZl: C12 Xok ,32k+...+kz_l: Cin Xrk B, (14)

Subject to
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ky O ka 0 kn O
Z ao1 Xik ,Bjk+z ao2 X2k ,32k+...+z 8on Xk B < Do, (15)
k=1 k=1

k

'u‘

le By =1,

=

=1
Kn

k=1

,Bjk 20 forall j andk .

The new variables in the first level problem a@jk which determined using Balinski's algorithm

[8]. Once their optimal valuegjk are obtained, then the optimal solution to thgioal problem can
be found by back substitution as follow:

ki o o

X :Zﬁjk Xjk | j=12 (16)
k=1

It may appear that the solution of the upper Igreblem requires prior determination of all exteem
|
pointsXk .

To solve the first level problem by the revised @iex method, it must determine the entering and
leaving variables at each iteration. Let us stest With the entering variables.

Given Cs and B™ of the current basis of the First Level problenert for non-basi@, :

Zy —Cy =CzB* Pix—cCi (17)
Where
O
a a; Xjk
Cik =G XikandP i =1 (18)
0

Now, to decide which of the variabl)€§k should enter the solution it must determine:

u D
Zik—Cjk = min{ Z —Cjk} (19)

O o 0
Consequently, if Zxk—Cjx <0 , then according to the maximization optimaligndition, B must

enter the solution; otherwise, the optimal has lreanhed.
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5.2. The Second-L evel Decision-Maker (SLDM) Problem

Finally, according to the mechanism of the BLLSLRIR First Level variablet:f,xzF should be
passed to the Second-Level; so the second -legblgm can be written as follows:

MaxF, (x) = Max > ¢, X;, (20)
=1

Subject to

(X7, %5 .. x,)OG. (21)

To obtain the optimal solution of the second -lguablem; the SLDM solves his master problem by
the decomposition method [9] as the first level.

Now the optimal solution(x; ,x; ,x5,x;) of the second -Level is the optimal solution of the
BLLSLPP.

6. An Algorithm for Solving (BLL SMOQPP) with Fuzzy Numbers

Step 1 ComputeD(,&) for all the coefficients of the problem (1) — (3yhere Ais trapezoidal
fuzzy number.

Step 2: Convert from fuzzy to crisp formula.
Step 3: Formulate the equivalent bi-level large scale rmffiiective quadratic programming.

Step 4: Convert bi level large scale multi-objective quadrarogramming to linear by using Taylor

series approach as follow:

n * n * aFI (XI*)

H, () OF (X) = Fi(xi)"'zj:l(xj = X;) ax
J

Step 5 Use weight method to convert from multi objectived tsingle objective.

(j=12..n)

Step 6: Start with the first level problem and convert thaster problem in terms of extreme points of
the setsl x; < b, X >0,)=123.

K 0

Step 7: Determine the extreme poin¥ =z ,Bijjk,j =123using Balinsks algorithm [14]
=1

Step 8: Setk =1.

Step 9: ComputeZ, — Cj, = CeB*Pjk—Ci.

O O
Step 10: If zZjk—Cj <0 , then go to Step 11; otherwise, the optimaltsmithas been reached, go
to Step 16.

O -0 0
Step 11: Determine X jx associated witrmln{zjk— C jk}
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O
Step 12: B, Associated with extreme poiX jk must enter the solution

Step 13: Determine the leaving variable

Step 14: The new basis is determined by replacing the veatsociated with leaving variable with

the vector3, .

Step 15: Setk =k +1, go to step 9.

Step 16: If the SLDM obtain the optimal solution go to StEp, otherwise go to Step 17
Step 17: Set(x,,X,) = (X{ , X5 ) to the SLDM constraints.

Step 18: The SLDM formulate his problem, go to Step 8.

Step 19: (xf,xg,xf,xf)ls as an optimal solution for bi-level large scéileear programming
problem, then stop.

7. Numerical Example

To demonstrate the solution for (BLLSMOQPP) witlzzu numbers, let us consider the following
problem:

[FLDM]

Max Fy(x, %,) = Max [(1242)% + GLIDX; + (213D%, (5322 + (2153)X]]

X%
Where X;, X, solves

[SLDM]
MaxF, (x,,x,) =Max[(3522) + (2130 + (11X, (4163 + (6142)x,]

Subject to

X + X, + X, +X, <80,
X +3%, <6Q

4x, +2X%, < 20,
X; +X%, <12,

X, X5, X5, X, 2 0.

Firstly, Applying ranking function R (A) = a + b}2 (d - ¢) to transform the fuzzy number form in
to equivalent crisp form so, the problem reduces to
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[FLDM]

Max F, (%, %, ) = Max{2x; +4x; +2x; 87 +2x]]

Xq,Xo
Where X;, X, solves

[SLDM]
MaXF, (X, X,) = MaxBX? +2x +2x¢ 4% +6x,]

Subject to

X + X, + X, +X, <80,
X +3%, <60

4x, +2X%, < 20,
X; +X%, <12

X5 Xoy Xg, X, 2 0.

39

Secondly, applying the first order Taylor seriesdavert the quadratic objectives function to sngl

objective and use the weighting method so the BLR_&PRwritten as following:

[FLDM]

Max F,(x,, %, ) = Max10x, +4x, +x, —17,

X%

WhereX,, X, solves

[SLDM]

M‘%XFz (%, %4) = I\Q%XS)Q +5x, 11
Subject to

X + X, + X, +X, <80,
X +3%, <6Q

4x, +2X%, < 20,
X; +X%, <12,

X5 Xoy Xg, X, 2 0.
The first level problem is formulated as:
Max F, (x,, x,) = Max1.0x, +4x, + X, —17,

Subject to
x G.
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After four iterations the first level decision makgptimal solution is obtained:
(% %" %7 )= (60050).

So,F, =588

Then take the first level decision maker solutiod aet(xlF X" ): (60,0) to the second level
constraint.

The second level decision maker will repeat theesat@ps as the first level decision maker until the
second level decision maker get the optimal sahusio:

(XSS , x4s)= (010).
So,

(%, %,°, % %% )= (600010).

*

F, =583 F , =519

8. Summary and Concluding Remarks

This paper presented a bi level large scale mhjgative quadratic programming problem with fuzzy
parameters in the objective functions problem imclithe objective functions at every level are¢o b
maximized. In the first phase we converted the yuzarameters of the problem to equivalent crisp
problem to make it easy in solving. In the secohdse we used Taylor series to convert the quadratic
problem to linear problem to be easy for solvinghwthe decomposition algorithm that deals with
large scale constrain. Finally the numerical examjol demonstrate the result of this paper was
introduced.

However, there are many other aspects, which shpukekplored and studied in the area of a large
scale bi-level optimization such as:

1. An algorithm for solving large scale multi-leveltéger fractional multi-objective decision-
making problems with random parameters in the dibjdunctions; in the constraints and
with integrality conditions.

2. An algorithm for solving large scale multi-leveltéger fractional multi-objective decision-
making problems with Rough parameters in the objedunctions; in the constraints and
with integrality conditions.

3. An algorithm for solving large scale multi-leveltéger quadratic multi-objective decision-
making problems with fuzzy parameters in the objedunctions; in the constraints and with
integrality conditions.
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